Natural frequencies are important dynamic characteristics of a structure where they are required for the forced vibration analysis and solution of resonant response. Therefore, the exact solution to free vibration of elastically restrained Timoshenko beam on an arbitrary variable elastic foundation using Green Function is presented in this paper. An accurate and direct modeling technique is introduced for modeling uniform Timoshenko beam with arbitrary boundary conditions. The applied method is based on the Green Function. Thus, the effect of the translational along with rotational support flexibilities, as well as, the elastic coefficient of Winkler foundation and other parameters are assessed. Finally, some numerical examples are shown to present the efficiency and simplicity of the Green Function in the new formulation.
INTRODUCTION
Free vibration analysis has an important role in the structural design of buildings. In fact, the free vibration behavior of structures influences their response to earthquake and wind. Numerous studies are devoted to obtaining the free vibration analysis of civil engineering constructions both in the past and recent years (Carrera and Pagani, 2014) . On the other hand, structures resting on foundation are an important class of problems in civil engineering. Therefore, numerous researches are presented pertaining to reports involving the calculation and analysis approach for beams and plates on foundation. These various types of foundation models include such as Winkler, Pasternak, Hetenyi, Kerr, Vlasov and Viscoelastic that are applied in the analysis of structures on elastic foun-dations (Mahrenholtz, 2010; Wang et al., 2005) . The Winkler foundation model is frequently used in the analysis of structures on elastic foundation problems.
The natural vibrations of a Timoshenko beam on Pasternak foundation is studied by Wang and Stephens (Wang and Stephens, 1977) . Moreover, the appropriate frequency equations are derived for different end restraints. Wang and Gagnon present the dynamic analysis of the continuous Timoshenko beams on Winkler-Pasternak foundations (Wang and Gagnon, 1978) . The free and forced vibrations of a three span continuous beam resting on a Winkler-Pasternak foundation are studied by means of the general dynamic slope-deflection equations. In addition, the natural response of an Euler-Bernoulli beam supported by an elastic foundation is investigated by Doyle and Pavlovic (Doyle and Pavlovic, 1982) . Ultimately, this paper considers the vibration problem of EulerBernoulli beam partially supported by a Winkler foundation. Abbas utilized the free vibration of the Timoshenko beam using the unique finite element model (Abbas, 1984) . All the geometric and natural boundary conditions of Timoshenko beam with elastically supported ends can satisfy by the proposed method. Natural frequencies and normal modes of a spinning Timoshenko beam for the six classical boundary conditions are analytically solved by Zu and Han (Zu and Han, 1992) . The backward and forward precession normal modes have become identical for beam with simplysupported boundary conditions. The vibration of uniform Euler-Bernoulli beam on a two-parameter elastic foundation with initial stress is investigated by Naidu and Rao (Naidu and Rao, 1995) . Furthermore, the finite element formulation is applied to obtain the vibration parameter of simply supported and clamped beams.
Thambiratnam and Zhuge presented the free vibration analysis of beams supported on elastic foundations by a simple finite element method (Thambiratnam and Zhuge, 1996) . An accurate solution of Timoshenko beam resting on two-parameter elastic foundation is exhibited by Wang et al. (Wang et al., 1998) . In this study, the Green function is presented for bending, buckling, and vibration problems of Euler-Bernoulli and Timoshenko beams. Li applies a simple approach for the free vibration analysis of Euler-Bernoulli beam with general boundary conditions (Li, 2000) . The displacement of the beam is determined as the linear combination of a Fourier series and an auxiliary polynomial function. Ying et al. investigated the precise solutions for free vibration and bending of functionally graded beams on a Winkler-Pasternak elastic foundation (Ying et al., 2008) . The beam is considered as orthotropic at any point, while material properties varying exponentially along the thickness direction. In addition, the differential transform method is applied to the vibration of an Euler-Bernoulli and Timoshenko beam on an elastic soil by Balkaya et al. (Balkaya et al., 2009) . In this method, precise solutions are obtained without the requirement for serious calculations.
Motaghian et al. studied the free vibration of Euler-Bernoulli beam on Winkler foundation (Motaghian et al., 2011) . A mathematical approach is used to find the precise analytical solution of the free vibration of Euler-Bernoulli beam with mixed boundary conditions. The double Fourier transform is employed for the free vibration analysis of the semi-rigid connected Reddy-Bickford beam with variable cross-section on elastic soil and under axial load by Yesilce and Catal (Yesilce and Catal, 2011) . Bayat et al. presented the analytical study on the vibration frequencies of tapered beams (Bayat et al., 2011) . The Max-Min Approach and Homotopy Perturbation Method are employed in order to solve the governing equations of tapered beams. Thus the nonlinear vibration of the clamped-clamped Euler-Bernoulli beam subjected to the axial loads is investigated by Barari et al (Barari et al., 2011) . Xing and Wang explained a general model for the free vibration of the Euler-Bernoulli beam restrained with two rotational and two transversal elastic springs under a constant axially load (Xing and Wang, 2013) . In this paper, an analytical approach is used to find the frequency equations and the shape functions. Ratazzi et al. considers free vibrations of EulerBernoulli beam system structures with elastic boundary conditions and an internal elastic hinge (Ratazzi et al., 2013) . The beam system is clamped at one end and elastically restrained at the other. Furthermore, the free vibration of the Euler-Bernoulli beam with variable cross-section on elastic foundation and under axial load is considered by Mirzabeigy (Mirzabeigy, 2014) . Bazehhour et al. utilized a new analytical solution for the free vibration of the rotating Timoshenko shaft with various boundary conditions (Bazehhour et al., 2014) . The effect of the axial load on the natural frequencies is investigated as the rotational speed increases. At the same time, the numerical method for solution of the free vibration of Timoshenko beams with arbitrary boundary conditions is presented by Prokić et al. (Prokić et al., 2014) . Basically, the numerical method is based on numerical integration rather than the numerical differentiation. Yayli et al. (Yayli et al., 2014) investigated the analytical method for free vibration of the elastically restrained Euler-Bernoulli beam on elastic foundation. The Fourier sine series with the Stoke's transformation is used to obtain the free vibration response of the beam on elastic foundation.
In previous studies regarding free vibration of the beam rested on a foundation, the EulerBernoulli and Timoshenko beams on uniform foundation are analyzed. On the other hand, only the solution taken from few previous researchers can be generalized to general boundary conditions for Euler-Bernoulli beam on uniform foundation. In this study, an accurate solution in closed forms is presented for free vibration behavior of elastically restrained Timoshenko beam on an arbitrary variable Winkler foundation and under axial load. The Green Function method is utilized to evaluate the free vibration of the Timoshenko beam. Furthermore, the free vibration expression for the Timoshenko beam is written in a general form. Hence, the computation becomes more efficient. Also, through the application of the Green function method, the boundary conditions are embedded in the Green functions of the corresponding beams. Therefore, the objective of this paper is:
• To present a very simple and practical analytical-numerical technique for determining the free vibration of Timoshenko beams, with elastically restrained boundary conditions, rested on a partial Winkler foundation and under axial load.
• To state precise solutions in closed forms using the Green function for free vibration of the Timoshenko beam with and without the partial Winkler foundation along with the axial load.
This article is organized as follows. Section 2 outlines the basic equations of the Timoshenko beam resting on the uniform elastic foundation. Then, in section 3, the Green function and the natural frequency equation of the elastically restrained Timoshenko beam on an arbitrary variable Winkler foundation and under axial load are explained. Section 4 presents some numerical examples to illustrate the efficiency of the Green Function in the new formulation. Finally, in section 5, the conclusions are drawn, briefly.
MODELLING OF TIMOSHENKO BEAM ON WINKLER FOUNDATION
In this paper, it is supposed that a Timoshenko beam on elastic foundation where it is partially restrained against translation and rotation at its ends. The model of elastic foundation is assumed as Winkler foundation, as shown in Figure 1 . K TL , K TR , K RL and K RR are the transverse and rotational elastic coefficients at the supports at the left and right boundary ends, respectively. Thus, the coupled system of differential equations for the vibration of the uniform Timoshenko beam can be given by:
where w(x,t) is the transverse deflection of the mid-surface of the beam, θሺx, tሻ represents the anticlockwise angle of rotation of the normal to the mid-surface, qሺx, tሻ is the external load force on the beam. In addition, I, A, E, G, N, ߢ and ߩ are, the second moment of area, the cross-sectional area of the beam, the Young's modulus of elasticity, the shear modulus, the axial load, the sectional shear coefficient, and the beam material density, respectively. It is assumed that each function wሺx, tሻ, θሺx, tሻ and qሺx, tሻ can be presented as a product of a function dependent on the coordinate x and a function dependent on the time t (with the same time function):
where Wሺxሻ, Θሺxሻ and Qሺxሻ are the beam deflection amplitude, the amplitude angle of rotation of the normal to the mid-surface in point x of the Timoshenko beam and the external load on the beam, respectively. In addition, ω is the circular frequency of the Timoshenko beam. Substituting Eqs. (3), (4) and (5) into Eqs. (1) and (2), result in: 
For a linear elastic, isotropic, homogeneous and uniform Timoshenko beam, these two equations can be combined after several transformations. The vibration equations for Timoshenko beam can be expressed in a form dependent only on the functions of the displacement w(x, t):
For tension N ୶ > 0 , as well as, for compression, one is required to apply N ୶ < 0. It is to be noticed that when N ୶ and K are equal to zero, the expression given by Eqs. (8) and (9) does reduce to the differential equations of the motion which are obtained by Ghannadiasl and Mofid (Ghannadiasl and Mofid, 2014) . In this paper, the initial conditions and the general boundary conditions associated with the Timoshenko beam theory are given below:
where M and Q are the bending moment (M = EI θ ,୶ ) and the shear force (Q = −κAG൫w ,୶ − θ൯), respectively (Wang, 1995) .
GREEN FUNCTION FOR TIMOSHENKO BEAM
The Green function is utilized to find the solution for Eqs. (8) and (9). Therefore in this case, if G(x,u) was the Green function for the submitted problem, the solution of Eq. (8) can be exhibited in the form of:
where Gሺx, uሻ, the Green function for the Timoshenko beam must satisfy the boundary conditions. Hence, the Green function, G(x,u), is the solution of the differential equation:
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where δሺx − uሻ is the Dirac delta function which is defined as:
By applying the relationships between the individual physical quantities, Eqs. (10) and (11) can be written as the following:
where ϕ is the parameter proportional to the natural frequency (ϕ ଶ = 
where:
The general solution of Eq. (14) can be stated as:
where x ∈ [0, L], λ ଵ and λ ଶ are calculated as:
C ଵ , … , C ସ are the integration constants that are evaluated such that the Green function satisfies two boundary conditions at each end of the beam depending on the type of end support and the continuity conditions of displacement, slope and moment along with the shear force. In this paper, the Timoshenko beam divides into three segments with the different elastic coefficient of Winkler foundation. It can be possible to write the differential equation of the free vibration of each segment. Therefore, the general solution for the first segment can be stated as:
where x ∈ [0, β L], λ ଵ and λ ଶ are calculated as:
where
where η is equal to ై ୍ . For the middle section, the general solution of free vibration takes the form of the following equation:
where x ∈ ሺβ L, Lሺβ + β େ ሻ], λ ଵେ and λ ଶେ are calculated as: 
where x ∈ ሺLሺβ + β େ ሻ, L], λ ଵୖ and λ ଶୖ are calculated as:
(25)
where in p ଵୖ and p ଶୖ , η ୖ is equal to ୍ . C ଵ − C ସ , C ଵେ − C ସେ and C ଵୖ − C ସୖ are the constant unknowns of the three above-mentioned solutions. In order to find these unknowns, it is required to develop twelve equations. Moreover, in which are explicitly obtained using two boundary conditions at each end of the beam depending on the type of end support and the continuity conditions of displacement, slope and moment along with the shear force in the vicinities of the different segment connections. The boundary conditions are given below:
Also, the continuity conditions are defined as: 
By applying the relationships between the individual physical quantities and the Green function, the continuity conditions can be rewritten as follows: Finally, the matrix equation is given as: 
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Although the frequency Eq. (33) is complicated and long, it can be simulated by all the boundary conditions that are appeared in previous studies and practical situations, which have not been possible to describe before. After finding the natural frequencies, the mode shape corresponding to each natural frequency can be generated. Three of the constant unknowns in the shape function (Eq. (15)) can be solved by three equations of boundary conditions at each end of the beam. The coefficients in mode shape function for a uniform Timoshenko beam on a uniform Winkler elastic foundation with classical end conditions are listed in Table 1 . Here, C ଶ , C ଷ and C ସ are solved by the three equations of Eq. (27). On the other hand, C ଵ is assumed to be non-zero in order to demonstrate vibration amplitude.
NUMERICAL RESULTS
In this section, to validate the presented Green Function, the results of different examples, which are solved by the new formulations, are presented. First, the high computational efficiency of the method is shown and then it is examined for feedback with general boundary conditions.
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End boundary conditions
Pinned-fixed 1 
The Timoshenko Beam on the Uniform Winkler Foundation Under Constant Axial Load
In order to illustrate the accuracy of the presented method in this paper, a uniform Timoshenko beam on the uniform Winkler elastic foundation and under constant axial load with two different boundary conditions, i.e. simply supported-simply supported (S-S) and clamped-simply supported (C-S), are considered (Figure 2 ). The beam is supposed with the following characteristics: Table 2 compares the frequency parameters of free vibration of the simply supported-simply supported and clamped-simply supported Timoshenko beam resting on the uniform Winkler foundation and under axial load using the Green Function method along with the differential quadrature element method (Malekzadeh et al., 2003) . It is seen that the results are fairly close and the maximum difference is 0.057%. It is informed from 
The Influence of the Axial Load and the Elastic Foundation on the Frequency of Timoshenko Beam
As an interesting application of the present method, the influence of the elastic coefficient of Winkler foundation and the axial load on free vibration characteristics of simply supported Timoshenko beam is evaluated. The beam characteristics are as follows:
Variation of the first frequency parameter (ϕ ഥ ሻ of free vibration of Timoshenko beam is shown in Table 3 . In addition, it is evident from the obtained values of the frequency parameter that the natural frequencies will increase when the values of K and N ୶ increase. The influence of axial load would be more significant when the stiffness of the Winkler foundation is coming close to zero. However, the effect of the axial load would be less significant when the value of the stiffness of the Winkler foundation is coming close to π ସ ୍ మ .
The Influence of the Spring Supports on the Frequency of the Timoshenko Beam Resting on the Partial Winkler Foundation
For verification of the efficacy of the present method, the influence of the spring supporting the behavior is evaluated based on free vibration characteristics of Timoshenko beam partially supported on a Winkler foundation (Figure 3 ). For this purpose, a Timoshenko beam is assumed with general boundary conditions, K T and K R . The stiffness of the rotational and the translational restraint are taken as having the same values at both of the supports. The beam characteristics are as follows: 
The Mode Shapes of the Fixed-free Timoshenko Beam on Winkler Foundation
The influence of the elastic coefficient of uniform Winkler foundation on the mode shapes of fixedfree Timoshenko beam is evaluated. Thus the beam is considered with the following characteristics:
The first four mode shapes of the fixed-free Timoshenko beam on uniform Winkler foundation and without axial load are shown in Figure 4 . It is observed that there are no slight differences between the results for K=5EI and K=0 along with the maximum difference being less than 39% for the maximum magnitude of the 3 rd mode shape. 
CONCLUSIONS
This paper presents the free vibration of elastically restrained Timoshenko beam on a partially Winkler foundation using dynamic green function. An accurate and direct modeling technique is stated for modeling beam structures with various boundary conditions. This technique is based on the Green function. The method of Green functions is more efficient and simplistic when compared with other methods (e.g. series method) due to the Green function yielding precise solutions in closed forms. In addition, the boundary conditions are embedded in the Green functions by the Green function method. The effect of different boundary condition, the elastic coefficient of Winkler foundation, as well as, other parameters are determined. Finally, some numerical examples are shown to illustrate the efficiency and simplicity of the new formulation based on the Green function. 
